208

Nuclear Instrumentsand Methods in PhysicsResearchB53 (1991) 208-2rl
North-Holland

A new smoothingalgorithm for statisticalnoisereduction
N. Moriya
Solid State Institute and Department of Physics, Technion - Israel Institute of Technologt, Haifa 32 000, Israel
Received 15 May 1990 and in revised form 26 September 1990

A new, general, high quality smoothing algorithm is presented. It is based on a polynomial fitting of the real and imaginary
components of the Fourier transformed spectra. Such fits, after inverse transformation into the real space, are shown to drastically
reduce the statistical noise present in some experimental spectra and offer a fast and simple method for smoothing. The smoothing
principles of this algorithm were applied, for demonstration of the quality of the fits which can be obtained, to Rutherford
backscattering (RBS) and to particle induced X-ray emission (PIXE) spectra.

l. Introduction
Smoothing methods are needed for various applications, mainly for modeling and calculation procedures
. in many fields of applied physics where statistical noise
\
\-/"
is responsible for the spread of data points, as for
example in Rutherford backscattering spectroscopy
(RBS), particle induced X-ray emission (PIXE) or photoluminisence (PL) spectroscopy.
The importance of finding good smoothing algorithms is emphasizedby the large number of different
methods developed for this purpose. Such methods are,
in most cases, based on averaging processes (as for
!v
instance the 5-point Savitsky-Goulay [1] smoothing operation), functional fitting 12,31or filtering in the Fourier space of the analyzed spectrum [4,5]. Unfortunately,
each of these methods suffers from basic disadvantages;
it is almost impossible to obtain a reliable smoothed
'\,-spectrum after gentle averaging iterations, while functional fitting is not always easy to apply on large arrays
or on rapidly changing spectra. In the most common
method, i.e. filtering analysis, it is a complicated matter
to control the compensation in the loss of the high
frequency elements caused by the filtering process, which
is the reason for the imbalance in the height of the
reconstructed spectra.
It is necessary therefore to find a method suitable for
smoothing experimental spectra which includes statistical disturbances on one hand and keeps the physical
information as free from distortions as possible on the
other hand.
It is the aim of the present paper to present a new
smoothing
method and to show its potential for general
\\'-spectra smoothing. The algorithm has been implemented in a form of a computer code which can be

adapted to any personal computer. Typical execution
times (for a spectrum 1000 channels long) are few
seconds when operated on an XT/PC microcomputer.
Some examples are given and a detailed discussion on
the advantages and limitations of this method is presented.

2. Principle
In the following, we present a method based on
an analytical treatment of the frequency elements dispersed in the Fourier space. The basic idea behind this
treatment is the use of a low degree polynomial fit to
the real and imaginary parts of the Fourier transformed
spectra in the frequency plane. These are shown to
drastically reduce the statistical noise of the transformed spectra without introducing any serious distortion to the original data.
2.1. Theory
The application of Fourier analysis on a real funct i o n g o a t N d i s c r e t ep o i n t s x r ( x : 0 , . . . , N - 1 )
is
based on the following transformation [6,8]:
N-l

Gu:

L So exp(
ft:0

- I2nuk/N),

(1)

where k and u rcfer to the real and frequency spaces,
respectively.
The function G, which defines a one-dimensional
space (so-called frequency space), represents the structure characterization of gr in the regular space.
It is easy to show that the sum /r, of the two
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functions go and n p in real space, obeys the following
relation in the Fourier space [6]:
Fu: Gu+ Nu,

Q)

where Fu, Gu and N, are the respective Fourier transforms of f*, go and np.
In general, if the function f p is a real function, the
symmetrical nature of the transformation implies that

n"(4,): Re(F-,),
I-(4,) : Im(- F-,),

o
J
-|'lJ

(3)

these properties may be utilized to save some calculation time in the following analysis.
Assuming that the function grc represents a pure
discrete theoretical signal and the function n 1,is statistically spread white noise which can be regarded as a set
of d-functions randomly arranged in real space, it is
possible to show that the representation of this function
in the transform space is expressed mathematically as

(b)
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Furthermore, direct calculations show that while the
expectation value E(r*) and the correlation function
E(n*.nr) for a white noise are given by:
E(n1) :0

E(no.nr) : o26*J

-loot

40

E(N,'N,* ) : No2}u.u,

t20

140

(5)
(C) IMAGINARY
SPACE
PART IN FOURIER

(where o2 refer to the variance of function no), the
corresponding Fourier transforms are given by:
E(N,) :0

loo
80
60
ELEMENTNUMBER

(6)

which also represent a white noise charactenzation.
. This derivation may indicate that if np changes
randomly as a function of xp, the function N" (and its
real and imaginary components) will also change randomly as a function of rz. As a result, the function fi,
which represents a noisy signal (containing the pure
signal and a random function) will have a similar character. Such behavior was indeed observed using computer simulation of a superimposed artificial noise on
an arbitrary signal function. In fig. la we show a typical
example where an artificial sinusoidal signal, an artificial random signal (normally distributed around zero)
and their superposition are illustrated. The Fourier
components of this artificial spectrum are shown in figs.
lb and lc. As can be seen from this simulation. the
contribution of the random signal in the frequency
space is almost homogeneously spread over the whole
space both on the real and imaginary parts of the
Fourier transformation.' In spite of the absence of
stronger theoretical evidence for the random behavior
of the transformed components due to a random contri-
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Fig. 1. The signal (solid curve), a random contribution (o) and
the result of their superposition ( x ) in the real space are
shown (a), together with the real (b) and the imaginary (c)
parts of the respective Fourier transforms in the frequency
space.

bution of the statistical noise in real space, this illustration may suggest that such behavior is more general.
A procedure for minimizing the statistical noise using
a polynomial fit in the inverse plane, will thus necessarily influence the experimental spectrum. The advantage of fitting the transformed components in
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frequency space is due, of course, to the fact that
information about the general structure of the signal is
stored in the low frequencies while those belonging to
the random disturbance are spread over the entire space
(as was shown above), However, it is necessary to
minimize the change of the low frequency elements,
hence a "limit element" must be selected in order to
define the length of an unfitted part of the Fourier
components in the transform space.
This procedure will thus keep the relevant structure
information noticeable in the smoothed spectra on one
hand and reduce the irrelevant noise from the inverse
transformed vector on the other hand. A convenient
opportunity to treat the major part of the noise contribution without touching the important information
about the relatively slow varying changes of the experimental spectrum is thus offered by the present arguments.
2.2. Algorithm
According to the above remarks, a smoothing algorithm was developed based on the following steps:
a) Fourier transforming the spectrum to be analyzed;
b) separating the transformed spectrum into real and
imaginary part vectors;
c) selecting the "limit element" which defines the length
of the parts of the real and imaginary vectors not to
be fitted;
d) fitting the rest of the vectors with a low degree
polynomial evaluated, for instance, in the leastsquares sense;
e) rearranging the fitted real and imaginary vectors into
a complex discrete series;
f) inverse Fourier transforming the resultant vector in
order to obtain the final reconstructed smoothed
spectrum.
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Fig.2.4700 A thick \BarCu3O7
layer on a SiTiO3 substrate
analyzed by Rutherford backscattering spectroscopy (random
direction), before and after the smoothing process. The full
picture is shown together with enlarge pafts of the spectrum.

of a pure HgTe crystal, taken with a 200 keV H+ beam,
is presented. In this particular case, in spite of the very
sharp peak which belong to the 2.198 keV X-rays emitted
by the Hg, no influence on the smoothing quality can be
noticed while a total reduction of the noise is achieved.

4. Advantages and limitations
Good results can be obtained by applying this
method to a wide variety of cases. A detailed examination of the fitting procedure reveals that it is almost
insensitive to the order of the polynomial used, as long
as it exceeds the third degree. However, there is a
compromise between the smoothing quality and the
absence of undesired distortions which is sensitive to
the choice of the "limit element" defining the place in

3. Applications
Two different exarnples are shown in figs. 2 and 3
below. In both cases,the "limit element" was set at 30
(while the total length of the data vector in the first case
was 1024 channels and 256 in the second) and the
polynomial fit of the real and imaginary parts of the
transformed components was taken to be of third order.
As illustrated in fig. ?, an RBS spectrum (in random
direction) of a 4700 A YrBarCusOz layer on SrTiO,
obtained by using 0.9 MeV He+ ions in backscattering
angle, is shown to be almost perfectly smoothed (as
represented by the solid curve) compared to the experimental spectrum, having no pronounced deformation as
a result of the application of the smoothing algorithm.
Similar quality can also be obtained for spectra with
sharp peaks, as shown in fig. 3, where a PIXE spectrum
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Fig. 3. An X-ray spectrum,obtained by using PIXE technique,
of a HgTe crystal before and after applying the smoothing
principles. The full spectrumis presentedbesidean expansion
of a low energyand a high energyparts of the samespectrum.
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the frequency space form which the polynomial fit
should take place. This definition is related to the
structure of the experimental spectrum itself and thus
cannot be predicted in general. In addition, in cases
where the spectra are very rapidly changing and suffer
from a very pronounced disturbance of statistical noise,
this choice is hard and may lead to unsatisfactory
results.
On the other hand, in cases where the noise is
reasonably low, as in the illustrated examples shown
"limit-element" is easy and
above, the choice of the
require only a few number of iterations. Good smoothing can also be obtained even when the spectrum contains sharp peaks as, for instance, in high resolution
spectroscopy (as illustrated in fig. 3 above). Applying
this frequency space fitting instead of the commonly
used removal of the high frequencies as done in some
low filter based algorithms [4], avoids the need for any
artificial corrections to the intensity of the smoothed
spectra. Furthermore, the use of this algorithm to reduce the influence of the statistical events on an experimental spectrum was found to be superior to other
methods also by its one-parameter definition of the
"limit element") and by the ease
smoothing quality (the
of operation on any available computer.

5. Summary
The smoothing method represented here yields high
quality smoothing results suitable, in particular, to RBS
PIXE or similar experimental techniques. {Jse was made
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of polynomial fitting of the real and imaginary Fourier
components in frequency space in order to reduce the
statistical noise in the experimental spectra. The level of
the smoothing quality is determined only by the length
of the unfitted first elements in the transformed vector
which offer a simple and physical procedure to diminish
random disturbances.
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